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EVOLUTION OF THREE-DIMENSIONAL GRAVITATIONALLY WARPED WAVES
DURING THE MOVEMENT OF A PRESSURE ZONE OF VARIABLE INTENSITY

A. E. Bukatov and A. A. Yaroshenko UDC 532.593:550.3

Three-dimensional, unestablished, gravitationally warped waves arising due to
the motion of a harmonically time-varying pressure zone over a solid, thin

plate floating on the surface of a homogeneous liquid of finite depth have been
studied in the linear formulation. In the absence of a plate, three-dimensional
waves are generated by the movement of a region of periodic perturbations, where
established waves have been studied in [1, 2], and unestablished waves have been
investigated in [3-5]. The evolution of three-dimensional, gravitationally
warped waves formed during the motion of a constant load over a plate has been
considered in [6].

1. We will consider a homogeneous, ideal, incompressible liquid of finite depth H
covered by a thin, elastic plate. Beginning from time t = 0, a force of the following form
acts on the surface of the plate:

P = Pof(xn: y) exp (iO’t), = + vt, v = const. (l.l)

We will investigate.the evolution of excited wave motion assuming that the liquid is unper-
turbed up until the time when the force (1.1) acts and that the interface between the plate
and the liquid (the flexure of the plate) ¢ is horizontal.

Considering the motion of the liquid to be that of a potential and the velocity of
the particles of the liquid and the elevation of the liquid—plate interface to be small,
we will find in the coordinate system x,, y, which is connected to a pressure zone moving
with a velocity v, the velocity potential ¢ through the Laplace equation

Ap =0, —H<z2<0, —o0o <z <To0, —00<Ty<oo (1.2)
with the following boundary and initial conditions
DiviT + % FL + L+ (9 + 0@ = = — & (a=0), (1.3)
¢, =0 (z=—H), o, y; 2, 0) = Lz, y, 0) = 0,
R D=zz<—fh_3—,:2'y V4=5%+2§a?faa—;”
F’==§; +-205g%;+-v2£;”
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where p is the density of the liquid; E, H, p,;, and p are the modulus for normal elasticity,
the thickness, the density, and the Poisson coefficient for the plate; ¢ and ¢ for z = 0
are related by the condition Ct =@z — vix. We will from now on omit the subscript 1 from
the variable x,.

Using Fourier transformations with respect to x, v and the Laplace transformation with
respect to t from (1.2), (1.3) for the elevation of the plate—liquid interface, we find
that

oc

¢ = _?_2 eiot S S f* (m, n) M (r) § (m, n, t)ei™=+20) dmdn,
8n

2 1 —ag 1 At _ Do
v=5E TR, ° S, T 0T e
1) = UEMEI, 1) = 1+ Dty r = (m + n,

M{) = rg(l - wyrg th rH)h rH, A; = o + om + 87, 8, = (—1)/,

f*(m, n) is the transformant of the Fourier function f(x, y). The first term in the expres-
sion for { is the solution of the problem without the initial conditions, i.e., it is repre-
sentative of established oscillations. The second and third terms are determined by the
initial conditions and characterize the evolution of wave motion.

Since

. t
171 —i —~i C _iac . —3A;
‘\P=T[—A‘1—(1~e Alt)—é\—ZfU—-e ’Azt)],,- je EgE = — i (1 — ™) /A,

0

then ¢ has the following form after making a transition to polar coordinates for an axially
symnetric pressure distribution (1.1):

L= — Sm{et (J,— Ty, (1.4)
x t gn/2 «
5={ | Lo aernes e igaar,
0 ¢ —n/2

R=(2*4 y/?, 2 =Rcosy, y = Rsin'y, m =rcos 0, n = rsin g.

One can investigate the asymptotic behavior of the expression for ¢ for large values
of R and t by using the steady-state phase method for multidimensional integrals. Steady-
state points (r, 8, &) for Jj satisfy the following system of equations

Rcos(® —y) — (veos 8 -+ §;1) =0, vEsin® — Rsin® — y) = 0; (1.5)
o+ &t -+ vrcos® =0,
! (1.6)
where the primes denote differentiation with respect to r.
Equation (1.6) has the following real roots:

0 = 0, 6; = arc cos(—&;7;), T; = (v + 8;0)/(vr)

for |ty < 1. After substituting 0 = 104 into (1.5), we find that
41 809(AfQ —a)=fn “Injy =9 (1.7)
q—(2f2 —a) i —1)a=% )X =45 (1.8)

Equation (1.7) can be used to determine the values of r that correspond to the steady-
state points of the integrals J; in the established and unestablished modes. Theapplicability
of the steady-state points of the integration region is determined by the conditions 0 < g <
t. This condition along with relation (1.8), characterizes the propagation of the oscillations.
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TABLE 1 TABLE 2

» v B G v v B ¢
O<<v<<vyy 0yt 4 Doy < V<43 o<y 3
ro<v<vy 0<y<m | 3,4 0'<g<00 S i
0<y<y, 1,4 >, To<v<va 1,2, 3 >0
011 <V<vgg By | 1,23, 40 ' yu<v<n | 3
n<y<n 3, 4
0<y<<ve 4
Yoy - PalY<ys | 2,3, 4
T<y< 3
O<<v<<uyy 0<yp<n 4
0<Y<<ys 4
V>vn B<y<ys | 2,3,4 |0>00
Va<<y<m 3

The behavior of the function x;(r) for 0 < o < o, and of the function ¥,(r) for ¢ > 0
is qualitatively shown in Fig. 1, where a-g corresponds to 0 < v < vy, Vg < V < Vi, Vi; <
V < Vggs Vgy <V < V349, V> Vig, Vgg <V < Vy,, V> vVy,, respectively. If ¢ > gy, the plots
of x;(r) for 0 < v < v;;, and v > v;; are similar to the plots of x,(r) for vo3 < v < vy,
and v > v;,. Here,

0o = [Bar(Br) — B17(Bo) 1By — B vor = 15(By),

Vo2 = T5(B1)s oz = T4(By), vyy = [t (BT, vy = [ts(Be) ',
vip = [75 (Bs)IV/2, To,6 =(TEO)F, T,=1i—r (T;)z T/,
Tg="Tg—T (Tt’s)z v, Ty =T,0, T (Br2) =0,

() =0, 11 (Pes) =0, %s(Bsr) =0, 7 (Bse)=0,

Br <PBa» Ba<<Bs Be<<Bar Bs << By
N <P <r<Pf<r, r,<Pf;<r,

where rx (k = 1, 2, 3, 4) are the positive roots of the equation 1 — 1,2 =0, and T;,s are
the positive roots of the equation 1 — 1,% = 0. »

It follows from an analysis of the behavior of the functions xj(r) that the number k
of positive roots ajk of Eq. (1.7) is a function of the angle y, the frequency of the oscil-
lations ¢, and the displacement velocity v of the pressure. This is evident from Tables
1 and 2, where the values of k for a;; and a,; are indicated. Because of the symmetry of
the wave motion relative to the x axis, values of y are presented in the tables only over
the range 0 < y < . Here, y, = arctan x,;(a,), Y;; = arctanx,@ 3), Yo, = arctanx,@, ),
and the equation y = arctany,;(a;) is used for determining the angley, if v;; < v < vg,
and the angle y; if v > vy,. One should note that

1 () =0, 1) =0, a<a, o<a,
If ¢ > k, the following estimates are valid for a,i:

T K Qg T e <V << Vga)s Ty < Gop S Oy < Qgp < Uy K Qag S
< re(v > 1)

In addition,
nSa<Sn0<v<v), n<a, ST <y oy K1y < v oyy),
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Tl<O‘la<r2<7'3<0‘11<“1<0‘12<a2<“13<r4(l’11<”<”oz)y
o Ko Ko Ko%K A KTy (V> Ug)

for 0 < g, and

nSoeSnl<v<y), n<o, <Koy <o, <o, <<a,<Kr,

‘ (v>vy)

for o > agg.
Each root ajk of Egs. (1.7) characterizes a system of waves {jk of the form
1
Ein = T/_ij (atj) cos lR(D;' (o) + ot + 8j —Z—] +0 (—}12-)
b= — af* () M () [(1 — ) w] ™ (2| @5 | )7,
@; = 8 [(1 —13)"?siny — 7; cosy],
J=Lk=1—4j=2 k=123 8p = (—1)"E£4), 6, =1,

that are generated in the regions R < ujkt, ujk = uj(ajk) of the angular zones correspond-

ing to the variation range of the displacement velocity of the pressure zones (see Tables
1 and 2). The dimensions of the angular zones are given by the values of the angles v,,

Yas Yzs Y1i1s Y22-

Therefore, for motion of a pressure zone (1.1), one (Z,4,), two (L1, G143 C1us G23)s
three (Z,3, U1ks k = 3, 43 ik, k = 2-4), four (Lyx, k = 1-45 Tp3, C1ks k = 2-4), five
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(CTpas Cixs k = 1-4), six (1, k = 2-4, Lok, k = 1-3), or seven (cly, k= 1-4, Cox, k = 1-3)
systems of waves can be excited with amplitudes on the order of R™*/2, They generate the
oscillation of the plate and the wave motion of the liquid before and after the pressure
zone.

The waves Cj4, {21, 0y, are caused by the periodic changes in the pressure over time
(¢ > 0). Then, {,; behave as transverse waves and {,2 behave as longitudinal ship waves
generated in the corresponding angular zones beyond the moving zone of periodic pressure.
However, for an elastic plate (E > 0), these waves are formed when v > v,,, and for a liquid
with an absolutely fragile plate (E = 0), or with an open surface (h = 0), they are formed
when v > 0.

The waves (;, are generated when v > 0, and when the zone of periodic pressure is not
displaced (7]. They are circular in form. These waves are also formed in a liquid with
an open surface or with an absolutely fragile plate. Depending on the velocity v, the waves
L1, may be found around the pressure zone (v < v,,) or in the angular zone ly| < yg beyond
the zone (v > vy,). If vy, < v < v,,, the waves {,, do not form directly before the pressure
zone along its direction of motion, but for perturbations caused by the waves {;, that are
parallel to this direction, the waves overtake the pressure zone (y; > 7/2) When v > v,,,
this- does not occur (y; < w/2).

The waves ;; and (,, are transverse and longitudinal waves, respectively, that arise
beyond the moving perturbation zone. They also form when the pressure zone moves along
the plate (a free surface) with constant intensity {6, 8]. For an elastic plate, {,; and
Ci1, are generated for v;; < v < vy, and v > v;;. For an absolutely fragile plate or for
a free surface, {;; are formed when 0 < v < vy,, and {,, are formed when v > 0.

The waves {,5 and {,3; are warped. They are generated by the moving pressure zone only
in the presence of a solid, elastic plate (E > 0). The waves ;5 are formed when v > v,
and C,5; are formed when v > vy5. Of these, {,; are excited by pressures of variable (o >
0) and constant (¢ = 0) intensity, and {,; are excited only for displacements of pressure
that are periodic over time. The direction of waves {;; and [, characterize the angle

2 1/2 . 2 1/2
v
V01=ar0tg(T—1) 5 ’V02=arctg(l_’) "‘1)‘ .
01 / Vos
The waves (35 for vy; < v < vy; and [,5 for vy3 < v < v;, are found around the pressure
zone, while for v > v;; and v > v;,, they are located in the angular zones y, < |Y[ < 1 and

Y22 < |¥| € 7.

The leading perturbation fronts ¢jk (j =1, k = 1-4/ j =2, k =1, 2, 3) are displaced
with a velocity of ujk.

2. We considered an ice plate for making quantitative estimates of the critical dis-
placement velocities of the zone where the nature of the wave motion changed and of the
dimensions of the angular zones covered by the waves [9-11]. Hence, the elasticity modulus,
the density, and the Poisson coefficient of the ice plate were taken to be 3:10° N/m2, 870
kg/m3, 0.34, and the density and depth of the liquid were assumed equal to 102 kg/m3 and
100 m. The distribution vik (j=0,k=1,2,3; =1, k=0, 1, 2) of oscillation fre-
quencies for h = 0.2 m is indicated in Fig. 2, where the dashed and dot—dash lines 1 repre-
sent the velocities vy, and vy, and lines 2 represent the velocities v, and v,;,. The
dotted line characterizes v,;, and the solid line is for v,,. The square onthe axis o denotes
the value of o,.

It follows from Fig. 2 that v,, and v;; grow with an increase in o. The velocities
Vgois Vops and v;, then decrease, and v,;; has a minimum. For motion of a pressure zone with
constant intensity along a solid, elastic plate, there are three critical values for v:
Vo = Vgp = Vgg, V; = Vi1 = V,,, Vg = v;4 = vy,. For an absolutely fragile plate (crushed
ice) or for an open liquid surface with motion of a periodic pressure zone, the critical
velocities will be vy, and v,,, which decreasse with an increase in o, and for a pressure
zone with constant intensity there is only a single critical velocity v = vgH.

The velocities vg;, Vy,, and vy are also critical for displacement of a planar front
of periodic pressure zones along an elastic plate (solid ice) [12]. If a planar front of
pressure zones with constant intensity moves along an elastic plate, then v = v, and v =
vgH will be critical. TIn a liquid with an absolutely fragile plate (crushed ice) or with
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Fig. 4

an open surface, movement of a planar front of periodic pressures results in the critical
velocity v = vy,, while for a planar front of constant pressures v = vgH is critical.

The dimensions of the angular zones covered by the waves as functions of the frequency
of the oscillations and of the displacement velocity of the pressure zone are given in Figs.
3-5 for h = 0.2 m.

The velocity distribution vk (k =1, 2, 3) for v is shown in Fig. 3, where the dashed and
dot—dash curves denote the values of the frequency ¢ = 0 and 0.2 sec”™ !, and lines 1-3 corre-
spond to Y;, Ys, and y;. The upper part of the closed solid curve between the triangle
and the square represents the maximum values of the angle y5;, while the lower part pertains
to the maximum values of the angle vy;. These values are attained when v =.vy,. The square
and triangle indicate the maximum values of the angles y,,; which pertain to the frequencies
06 = 0 and o,. The values indicated by the circles are attained when v = v,;;. The dependences
indicated in Fig. 3 show that, with an increase in v, the angles y, and y; decrease while vy,
increases for frequencies less than oy, which is equal to ~0.46 sec™! for the initial param-
eters given above. The highest frequency corresponds to the smallest angle y; and the largest
angle vy;,,. One should note that for frequencies of ¢ > oy, the angles Yy, and vy; also de-
crease with an increase in v. An increase in ¢ will then lead to a decrease not only in Yy,
but in v,.

The velocity distributions y;; (dashed lines) and Y,, (solid lines) over v are given
in Fig. 4, where lines 1-3 pertain to the frequencies 0.01, 0.2, 0.5 sec™. The values
of the angles for v = v,, are indicated with circles. These dependences reveal that v,,
decreases with an increase in v and ¢. The angle y,;; also decreases with an increase in
the frequency. As a function of v, the angle y,;; has extrema whose values and locations
are functions of o. When ¢ = 0, the part of curve y;;(v) to the right of the maximum coin-
cides with y5(v), while the part to the left corresponds to the function y,(v) (see Fig.

3). Angle y,, then coincides with y,.

The. angles v,; and yv,, decrease with an increase in v. This is illustrated in Fig.
5, where y,,(v) is indicated by dashed lines and y,,(v) is indicated by the solid lines,
while lines 1-3 pertain to the frequencies 0.2, 0.4, 0.8 sec™!. The values in the circles
are attained when v = v,,;, and those values in the squares are attained when v = vg5;. It
also follows from Fig. 5 that an increase in o leads to a decrease in yY,; and an increase
in v4,. If 6 = 0, then vy, = Yg3-
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VARTATIONAL MODEL OF ORGANIZED VORTICITY IN PLANE FLOW

Yu. N. Grigor'ev and V. B. Levinskii UDGC 532.5:532.6172.4

In the research of the last decade [mostly experimental (see the review [1]) and numeri-
cal (see the bibliography in [2])] a new phenomenon in turbulent flow has been widely studied:
that of organized or coherent structures. The characteristic traits of coherent structures
that are common in different flows have been formulated. In particular, the primary effect
of nonviscous mechanisms on their formation and evolution have been noted. Hence, the ana-
lytical models of coherent structures use exact and approximate solutions of the Euler equa-
tions for the dynamics of an ideal fluid. However, this approach naturally forces various
simplifications, and cannot completely take into account the existing information on coherent
structures. For example, in models of shear layers [3-5], chains of coherent structures
were considered with a uniform distribution of vorticity inside each of the individual struc-
tures. In [3, 5] coherent structures were represented by Kirchhoff and Rankine vortices.

In [6-8] the equations for the chains of coherent structures were closed using circular
vortices from a single-parameter family [9].

In most of the models of shear layers, the interaction of an individual structure with
other coherent structures is taken into account approximately. For example, in [3] the
effect of the chain was replaced by a uniform deformation field. In [4, 5] vortices of
a given shape were used, and in [6-8] the simplest approximation of point vortices was used.

In the present paper an analytical model of coherent structures in plane flow is con-
structed by using a variational principle borrowed from information theory. The field of
vorticity in the coherent structure is found from the condition that the informational en-
tropy functional be a maximum. In this approach one can use additional constraints to take
into account different kinds of information on the basic properties of coherent structures
in specific examples, such as dynamical invariants, symmetry properties of the structures,
and characteristics of the average flow field.

The variational principle is applied to the problem of a linear chain of coherent struc-
tures in an infinite shear layer. The functional equation for the vorticity field in an
individual coherent structure is given, in which the nonviscous interactions of the struc-
tures are systematically taken into account. It is found that one of the analytical solutions
of the equation can be represented in closed form. This is the single-parameter family
of Stuart vortices [10]. Using this solution, we construct a model of a chain of coherent
structures for a time-dependent shear layer and our model reproduces the general features
of its evolution. It is shown that for a certain choice of the family parameter one can
obtain, with the help of the Stuart vortices, certain average characteristics of turbulent
mixing layers which correspond to experimental data satisfactorily.

Novosibirsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki,
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